Renormalized dynamics in charge qubit measurements by a single electron transistor 
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We investigate charge qubit measurements using a single electron transistor, with focus on the 
backaction-induced renormalization of qubit parameters. It is revealed the renormalized dynamics 
leads to a number of intriguing features in the detector's noise spectra, and therefore needs to be 
accounted for to properly understand the measurement result. Noticeably, the level renormalization 
gives rise to a strongly enhanced signal-to-noise ratio, which can even exceed the universal upper 
bound imposed quantum mechanically on linear-response detectors. 
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I. INTRODUCTION 

The issue of measurement lies at the heart of the 
interpretation of quantum mechanics. The recent up- 
surge in the interest to the quantum computation has 
attracted renewed attention to the problem of quantum 
measurement i 2 - Various schemes have been proposed 
for fast readout of a two-level quantum state (qubit). 
Among them, especially interesting are electrometers 
whose conductance depends on the charge states of a 
nearby qubit, such as quantum point contacts (QPC)2r— 
and single electron transistors (SET)ji 2 ^— It has been 
shown that the SET detector is better than QPC in 
many respects^ and has already been used for quantum 
measurements ^ 

So far, theoretical description of the SET detector has 
been mainly focused on the backaction-induced dephas- 
ing and relaxation, which, from the perspective of infor- 
mation, are consequences of information acquisition by 
measurement *£r— Actually, there is another important 
backaction which renormalizes the internal structure of 
the qubitjii and is often disregarded in the literature. 
However, this renormalization effect is of essential im- 
portance, since it can crucially influence the dynamical 
process of quantum measurement. It is, therefore, re- 
quired to have this feature being properly accounted for 
in order to correctly understand and analyze the mea- 
surement results. 

In this context, we examine the renormalized dynam- 
ics of qubit measurements using an SET detector. The 
intriguing dynamics arising from the renormalization is 
manifested unambiguously in the noise spectral of the 
detector output. It is demonstrated that in the low bias 
regime, the noise peak reflecting qubit oscillations shifts 
markedly with the measurement voltages. Furthermore, 
a peak at zero-frequency arises, as the level renormal- 
ization results in a so-called quantum Zeno effect. The 
output noise spectral allows us to evaluate the "signal- 
to-noise" ratio, which provides the measurement of de- 
tector effectiveness. Noticeably, it is revealed that for 
the SET detector, the level renormalization leads to a 
considerably enhanced effectiveness, which can even ex- 
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FIG. 1: Schematic setup for a solid-state charge qubit mea- 
surements by an SET detector. Possible electron configura- 
tions of the measured qubit and SET dot are shown in (a)-(d), 
respectively. 

ceed the upper bound imposed on any linear-response 
detectors.— 

The Letter is structured as follows. The measurement 
setup and model Hamiltonian are introduced in the next 
Section. We sketch the quantum master equation ap- 
proach in Section IIII1 The results and discussions are 
presented in Section IIV1 which is then followed by the 
summary in Section IVl 

II. MODEL DESCRIPTION 

The setup for the measurement of a charge qubit (an 
electron in a pair of coupled quantum dots) by a single 
electron transistor is schematically shown in Fig.[TJ The 
entire system Hamiltonian reads H = Hs + H-q + W . 
The first component 

H s = ~ea z +na x + (E + E\a)(a\)dU (1) 

models the qubit, SET dot, and their coupling, with 
pseudo-spin operators a z = |a)(a| — |/3)(/3| and a x = 



2 



|a)(/3| + For the qubit, it is assumed that each 

dot has only one bound state, i.e., the logic states \a) and 
|/3), with level detuning e and interdot coupling il. The 
SET works in the strong Coulomb blockade regime, and 
only one level is involved in the transport. Here, d (eft) is 
the annihilation (creation) operator for an electron in the 
SET dot. The single level (or equivalently, the transport 
current) depends explicitly on the qubit state, as shown 
in Fig. [I] It is right this mechanism that makes it possi- 
ble to acquire the qubit-state information from the SET 
output. 

The second component H B = J2e=L,R Sfc £ ikc\ k c lk de- 
picts the left and right SET electrodes. Here C£k (c\ k ) de- 
notes the annihilation (creation) operator for an electron 
in the electrode £ G {L,R}. The electron reservoirs are 
characterized by the Fermi distribution /l/r(w). We set 
/i^ q = Mr = for the equilibrium chemical potentials. 
An applied measurement voltage V is modeled by differ- 
ent chemical potentials in the left and right electrodes 
A'l/r = ±V/2. 

Electrons tunneling between SET dot and electrodes 
is described by the last component H' = ^^ k (tikc\ k d + 

h.c.) = J2i(Fi>d + n - c )j where F e and F\ are de- 
fined implicitly. The tunnel coupling strength between 
lead I and the SET dot is characterized by Y t(uS) = 
2TrJ2 k \tik\ 2 S(u — £ik)- In what follows, we assume wide 
bands in the electrodes, which yields energy independent 
couplings Tl/r. Throughout this work, we set H = e = 1 
for the Planck constant and electron charge, unless stated 
otherwise. 
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FIG. 2: Noise spectral of junction currents scaled by its own 
pedestal at different measurement voltages for an asymmetri- 
cal SET detector with r R /r L = 10 and E /2fi = 10. 

functions D^\±C) can be evaluated via the Kramers- 
Kronig relation 

D < ± > (±£) . _i„ r ^^i, (3) 

where V denotes the principal value. Physically, the dis- 
persion is responsible for the renormalizationj 11 ' 28 " — 



B. Output current 



III. FORMALISM 

A. Conditional master equation 

To achieve a description of the output from the SET 
detector, we employ the transport particle-number- 
resolved reduced density matrices p( nL > nR \ where %yr) 
denotes the number of electrons tunneled through the left 
(right) junction. The corresponding conditional quan- 
tum master equation read a 11 ! 24 " — 

p(»L,nR) __ }£p(«L,nit) -i{[rft p( n L>«R) 

+ rf t / ,(»L + l,nR) yl (+) +j 4( i -) p (n L ,n R -l) d t 

+ d t p («L,n R +l) A (+)] +h( , ^ ( 2 ) 

where C is defined as £(• • •) = [Hg, (•••)]> an d — 
£^4 ±} , with A< e ±] = [cj, ± \±C) + iD { e ±) (±C)]d. Here 
Cf°(±£) = J^dtC^^e^ are spectral functions. 
The involving bath correlation functions are respectively 
C { e + \t) = (F}(t)F t ) B , and C { f\t) = (F e (t)F}) B , with 
(• • -)b = Ttb[(- • • )pb]j and p B the local thermal equilib- 
rium state of the SET leads. The involved dispersion 



With the knowledge of the above conditional state, 
the joint probability function for electrons passed 
through left junction and tir electrons passed through 
right junction is determined as P(nL,riR) — Trp( nL ' nR ', 
where Tr(- • • ) denotes the trace over the system degrees 
of freedom. The current through junction i e{L,R} 
then reads I t = j- t £„ Li „ R n i p { n i^ u r) = Tr ^ where 
Ni = Xm L « R n eP( n L, «r) can be calculated via its equa- 
tion of motion 

j t N t = -iCN t - HN e + Tt ] P, (4a) 

with 

n{- ■ • ) = -\\d\ a(-H- ..)-(••• )aM] + h.c, (4b) 

T/ ±} (- • • ) = ■ ■ )<# ± dH- ■ ■ )A[ +) ] + h.c. (4c) 

Straightforwardly, the transport current through junc- 
tion t is h(t) — Tr[7f ^ p(i)]. Here p(t) is the uncondi- 
tional density matrix, which simply satisfies 

p = —iCp — TZp. (5) 
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C. Current noise spectrum 

In continuous weak measurement of qubit oscillations, 
the most important output is the spectral density of 
the current. The circuit current of the SET detector, 
according to the Ramo-Shockley theorem^ is I(t) = 
Vhlh + 1 TrIr, where the coefficients ij^ and ijn depend on 
junction capacitances and satisfy ?7l + ?7r = 1- Together 
with the charge conservation law /l = Ir + Q, where 
Q represents the electron charge in the SET dot, one 
readily obtains I{t)I(0) = i%lL(t)lL{0) + rjRl R {t)I K (0) - 
VLVRQ(t)Q(®)- Accordingly, the circuit noise spectral is 
a sum of three partsi^^^i^ 



S(u>) = r/ L S L (u!) + ijrSr(u) - r) L r] R S c h{oj) 



(G) 



with iSl(r) (w) the noise spectral of the left (right) junc- 
tion current, and S c h(u>) the charge fluctuations in the 
SET dot. The noise spectral of tunneling current S'l/r 
can be evaluated via the MacDonald's formula^— 



dtsm(u;t)-{(n 2 e (t)) 



(It) 2 l (7) 



where / = I(t — > oo) is the stationary current, and 

(n|(t)> = En L) n R n l P K,n R ). With the hel P of the 

conditional master equation ([2]), it can be shown that 



|(n, 2 (t))=Tr[2r/- } ^W 



r/ +) p st ]. 



(8) 



Here Ng(t) can be found from Eq. (|4a| . and p s t is the 
stationary solution of the unconditional master equation 
©. 

The symmetrized spectrum for the charge fluctuation 
in the SET dot reads^ 

/OO 
dT(N(T)N + NN(r))e iur , (9) 
- OO 

where (N(t)N) = TtTt b [W {T)NU{T)Np st p B ] with U(t) 
the evolution operator of the entire system and N the 
electron-number operator of the SET dot. It can be reex- 
pressed as (N(t)N) — Tr[N g(r)}, where the alternative 
reduced density matrix q(t) = Tr B [U^NpetpsU^r)], 
under the standard Born approximation, satisfies the 
same equation as p(t), but with initial condition g(0) = 
Np st . Finally, the spectral of charge fluctuations is ob- 
tained as2£ 

S ch (uj) = 2uj 2 ReTr{N[g(uj) + g(-w)]}, (10) 
where g(u) is the Fourier transform of g(t), and satisfies 
— iuig(uj) — —iCg(cu) — TZg(ui) + Np st . (11) 

IV. RESULTS AND DISCUSSIONS 

In this section, we will focus our analysis on the spec- 
tral density of the current. Different from the QPC detec- 
tors, the circuit current noise spectral of an SET detector 
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FIG. 3: Qubit level renormalization versus measurement volt- 
age at temperature k^T '/2fi — 0.25. 



is an appropriate combination of three components, as 
shown in Eq. ([B]). Hereafter, we first investigate the spec- 
tral of junction current and charge fluctuations, respec- 
tively, and then analyze the measurement effectiveness 
based on the circuit noise spectral. 



A. Spectral of junction current 

In what follows, we assume a symmetric qubit (e = 0), 
and E = for simplicity. In continuous weak measure- 
ment of qubit oscillation, the signal is manifested in the 
spectral density of the detector output as a peak at qubit 
oscillation frequency 2i7. The spectral of junction cur- 
rent at different bias voltages is plotted in Fig. [5] for an 
asymmetric SET detector with Tr T^. It is of in- 
terest to note that the peak reflecting the qubit oscilla- 
tions shifts with the measurement voltages. In the high 
voltage regime, the oscillation peak is located approx- 
imately at uj w 2f2. As the measurement voltage de- 
creases, the position of the oscillation peak is strongly 
deviated. Actually, this unique noise feature originates 
from the SET detection-induced backaction: renormal- 
ization of the qubit parameters. The details are explained 
below. 

The states involved are depicted in Fig.[T] There are 
totally four eigenstates for the reduced system. The 
eigen-energies are A+ ±0, and A_ ±f2, respectively, with 
A± = \{E ± \/ E 2 + ft 2 ). Here, we limit our discus- 
sions to the strong SET-qubit coupling regime (E *3> f2). 
Then the eigen-energies can be markedly reduced, with 
A+ ± n m A+ and A_ ± £1 « A_. In the bias regime 
A+ > /il > A_ > /iR, the quantum master equation 
describing the reduced dynamics can be greatly simpli- 
fied. Let us denote the density matrix elements by pjj> , 
with ={a,b,c,d}. The diagonal terms of the den- 
sity matrix pjj are the probabilities of finding the system 
in one of the electron configurations (states) as shown 
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in Fig.[TJ The off-diagonal matrix elements ("coheren- 
cies"), describe the linear superposition of these states. 
The quantum master equation in this representation sim- 
ply reads 

paa — TrPcc - TLPaa + i^(p a b - /Oba), (12a) 

pbh = (I\ +r a )pdd - i^(pab - pba), (12b) 

Pec = TL/Caa - TrPcc + iri(p c d - /Ode), (12c) 

Pdd = -(r L + r R )/5 d d - i^(pcd -pdc), (i2d) 

Pab = l^(Paa ~ Pbb) + iA(p a b - Pcd) 

1 \ 1 , . 

2 F l + T R I p cd - -T L p ab , (12e) 
Pcd = i^(Pcc - Pdd) + iEp cd - iA(p ab - p cd ) 

^r L + r R ^p cd + ir L p ab , (i2f) 

where the involving Fermi functions in the tunneling 
rates are approximated by either one or zero. By ob- 
serving the equations of motion of the off-diagonal ma- 
trix elements [Eqs. (I12e[) and (|12fl) ]. one finds that the 
qubit level detuning are renormalized, i.e., e — > e + A 
with A = EfcL,R{<M A +) - <M A -)}> and 



2tt 



Re 



2 2nk B T 



(13) 



Here 4" is the digamma function, pi is the chemical po- 
tential of the SET electrode i €{L,R}, fee the Boltzmann 
constant, and T the temperature. 

In Fig.[3J the backaction-induced renormalization is 
plotted against the measurement voltage. The energy 
shift is closely related to the tunnel-coupling asymmetry 
and depends on the level positions of the reduced system 
relative to the Fermi energy. It is found that A reaches 
a local extremum, each time when the Fermi energy of 
the left lead becomes resonant with the eigen-energies, 
//l = A_ or /iL = A+. Furthermore, the local mini- 
mum at A+ is markedly affected by the tunnel-tunneling 
asymmetry, i.e., the dip is more pronounced as the ratio 
Tr/Fl decreases. 

It is right the shift of qubit level that re sults in a ren or- 
malized Rabi frequency given by oj r = v/A 2 + (2ft) 2 . It 
grows with decreasing measurement voltages, as implied 
in Fig. [3] Eventually, the spectral of junction current 
Sl/r(w) exhibits the unique feature that the peak reflect- 
ing qubit oscillation shifts with measurement voltages, as 
shown in Fig. [51 

Nevertheless, the bias-dependent peak is not the sole 
interesting behavior due to the backaction-induced en- 
ergy shift. Another noticeable feature arising from the 
level renormalization is the appearance of the noise peak 
at zero frequency. It is known, that the peak at zero fre- 
quency is a signature of the quantum Zeno effect, which 
indicates the inhibition of transitions between quantum 
states due to continuous measurement , 23 i 38 i 39 The basic 
picture is that, due to a strong renormalized level shift, 
the detector is more readily to localize the electron in 
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FIG. 4: Spectral of charge fluctuations scaled by its own 
pedestal for different measurement voltages. The plotting pa- 
rameters are the same as in Fig.O 



one of the levels for a longer time, leading thus to inco- 
herent jumps between the two levels. Yet, the qubit co- 
herence is not strongly destroyed. Eventually, the zero- 
frequency peak and the coherent peak coexist in the low 
bias regime, as shown in Fig.[5J This intriguing feature is 
different from that in the previous work ; 17 ' 18 where the 
zero-frequency peak is not observed. 



B. Measurement effectiveness 

In continuous weak measurement of quantum coher- 
ent oscillations of a qubit, an interesting feature of 
the output noise spectral is that the peak-to-pedestal 
("signal-to-noise") ratio provides the measure of detec- 
tor "ideality", i.e., shows how close the detector can be 
quantum limited. For a perfectly efficient linear detec- 
tor the maximum peak height can reach 4 times than 
the noise pedestal, which is universal and known as 
Korotkov-Averin boundi 18 i 23 ' 40 ~ — Physically, this limit 
arises from the tendency of quantum measurement to 
localize the system in one of the measured eigenstates. 
So far, many schemes such as quantum nondemolition 
measurement ; 43 ' 44 quantum feedback control^ and mea- 
surement by using two detectors 4 ^ have been proposed to 
overcome this bound. 

Different from that of a QPC detector, the circuit noise 
spectral of an SET detector, however, consists of three 
parts as shown in Eq. ([5]) . It is therefore of vital impor- 
tance to investigate the charge fluctuations in the SET 
dot, which uniquely characterizes the current fluctuations 
in SET dot, and is intimately associated with the qubit 
dynamics. The numerical result of the charge fluctua- 
tions at different measurement voltages is displayed in 
Fig.@] At low frequencies the charge fluctuations are 
strongly suppressed. The most prominent signal is the 
qubit oscillation peak which is located at the renormal- 
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FIG. 5: "Signal-to-noise" ratio versus the degree of tunnel- 
coupling asymmetry Tr/IY for different measurement volt- 
ages. Other plotting parameters are the same as in Fig. [2] 



ized Rabi frequency wr, and varies with measurement 
voltages. It is important to note that the charge fluctua- 
tions has an essential role to play in the signal-to-noise 
ratio, which will be revealed later. 

With the knowledge of the junction current noise and 
the spectral of charge fluctuations, the circuit noise can 
be readily obtained. It allows us to evaluate the signal- 
to-noise ratio 



SNR = 



S{ojr) - go 
So 



(14) 



where So = S(uj ~ > oo) is the pedestal of circuit noise. 
The numerical result of SNR versus tunnel-coupling 
asymmetry Tr/Fl is plotted in Fig.[5j where we have 
assumed symmetric capacitive-coupling (t]l = rfa = h)- 
In this case, the influence of charge fluctuations on the 
circuit noise is maximized. 

A remarkable feature observed is that the SNR can ex- 
ceed "4", i.e., the upper bound for any linear-response 
detectors^ This seems to be at variance with Ref. [TtI . 
which predict that the effectiveness of an asymmetric 
SET detector can not reach that of an ideal detector. 
Here the large spectral of charge fluctuations is responsi- 
ble for the violation of the Korotkov-Averin bound, as its 
pedestal can markedly reduces that of the circuit noise 
[cf. Eq. flBJ)]. The SNR is thereby enhanced, and finally 
exceeds the upper bound "4" . Recently, a measurement 
scheme of a charge qubit with two quantum point con- 
tacts was proposed by Jordan and Buttiker.— They also 
observed the violation of the Korotkov-Averin bound, 
which is ascribed to the negligible small spectral of junc- 
tion cross-correlations -IMJi By heuristically viewing the 



left and right SET electrodes as separate detectors, their 
analysis qualitatively support our results. 

To clearly demonstrate the effect of level renormaliza- 
tion, in Fig. [5] we have also displayed the result in the 
absence of energy shift. It is found that the renormal- 
ization can strongly enhance the SNR. Particularly, in 
the regime of low Tr/T^ ratio, the effectiveness exceeds 
the Korotkov-Averin bound purely due to the energy 
renormalization. It suggests that an ideal SET detector 
can be achieved even though the tunnel-coupling is not 
strongly asymmetric. This finding is different from that 
in Ref. 18, where a very large tunnel-coupling asymmetry 
is required to overcome the Korotkov-Averin bound. 

Finally, let us accentuate the influence of the measure- 
ment voltage on the signal-to-noise ratio. At a relative 
large voltage (e.g. V/2Q = 18), the state (d) shown in 
Fig. Q] becomes partially available at finite temperature. 
The dynamics of the system is described by the corre- 
sponding master equation, which is similar to Eq. (|12l) , 
but with the crucial difference of an increased decoher- 
ence rate. Yet, such an increasing of the decoherence rate 
is associated with the detector shot noise, rather than the 
information iowp ' 17 ' 40 ' 42 Eventually, as shown in Fig.O 
the signal-to-noise ratio is reduced in comparison with 
that in the lower voltage situation. 



V. SUMMARY 

In summary, the problem of qubit measurements by 
a single electron transistor detector is investigated, with 
special attention being paid to the renormalization effect. 
Our analysis reveals that the dynamical renormalization, 
which was neglected in previous studies, can strikingly in- 
fluence the spectral of the detector output. It is therefore 
of essential importance to take this effect into consider- 
ation for correct analyzing and understanding the mea- 
surement results. Under proper tunnel-coupling asym- 
metry, the effectiveness of the single electron transistor 
detector can be considerably increased. Remarkably, it 
is observed that the signal-to-noise ratio can exceed the 
universal Korotkov-Averin bound due purely to the dy- 
namical renormalization. 
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